In this paper we analyse the structure of the BRST charge of nonlinear superalgebras. We consider quadratic non-linear superalgebras where a commutator (in terms of (super) Poisson brackets) of the generators is a quadratic polynomial of the generators. We find the explicit form of the BRST charge up to cubic order in Faddeev-Popov ghost fields for arbitrary quadratic nonlinear superalgebras. We point out the existence of constraints on structure constants of the superalgebra when the nilpotent BRST charge is quadratic in Faddeev-Popov ghost fields. The general results are illustrated by simple examples of superalgebras.
Introduction
The nilpotent BRST charge as the Noether charge of the global Becchi-Rouet-Stora-Tyutin supersymmetry [1, 2] is a crucial element in both Lagrangian [3] and Hamiltonian [4] quantization methods of gauge theories (see also the reviews [5] ). For general gauge theories, the existence theorem for the nilpotent BRST charge has been proven [5] . It proceeds by the construction of the BRST charge by an infinite, in general, series expansion in the Faddeev-Popov ghost fields. Sometimes these series are truncated and reduce to finite polynomials. The most remarkable examples are given by the YangMills theories when the nilpotent BRST charge is a quadratic function of Faddeev-Popov ghost fields. Another interesting examples are given by some quadratic nonlinear Lie algebras [6, 7] . The interest on nonlinear algebras was initiated by discovery of conformal field theories [8] which led to a new class of gauge theories with the nonlinear gauge algebras, the so-called W N algebras [9] . The BRST construction for such algebras was discussed in [10, 6] . This is closely related to the problem of the BRST construction for quantum groups with quadratic nonlinear algebras [11] . Recently, it was shown that a special class of nonlinear gauge algebras arises in the Lagrangian BRST approach to higher spin theories on anti de Sitter (AdS) space [12] . Note that non-linear algebras of supersymmetry arise for some quantum mechanical systems with periodic finite-gap potentials [13] .
The general analysis of the BRST structure given in [6, 7, 14] was restricted to quadratic nonlinear algebras. In this paper, we extend this analysis to the case of quadratic nonlinear superalgebras.
We make use of the standard definition of the Poisson superbracket in a phase space with coordinates Γ = (Q A , P A ), ǫ(Q A ) = ǫ(P A ) = ǫ A (ǫ(X) denotes the Grassmann parity of a quantity X) for any two functions F, G
where the derivatives with respect to momenta P A stand for left derivatives, and those with respect to corresponding coordinates Q A stand for right derivatives. The Poisson superbracket (1) obeys the following properties:
(1) Generalized antisymmetry
(2) Generalized Jacobi identity {F, {G, H}}(−1) ǫ(F )ǫ(H) + cyclic perms.(F, G, H) ≡ 0,
(3) Grassmann parity
(4) By-linearity {F + H, G} = {F, G} + {H, G}, (ǫ(F ) = ǫ(H)),
(5) Leibniz rule {F H, G} = F {H, G} + {F, G}H(−1) ǫ(H)ǫ(G) ,
{F, GH} = {F, G}H + G{F, H}H(−1) ǫ(F )ǫ(G) .
In the present paper, we study the nilpotent BRST charge for quadratic nonlinear superalgebras and find some special restrictions on structure constants when the nilpotent BRST charge is given in the simplest form.
The paper is organized as follows. In Section 2 the Jacobi identities for quadratic nonlinear superalgebras are derived and some simple examples of such a kind of superalgebras are constructed. In Section 3 the classical nilpotent BRST charge for quadratic nonlinear superalgebras with some special restrictions on structure constants is constructed. In Section 4 we consider some simple examples of superalgebras for which general approach can be applied. In Section 5 we present some concluding remarks.
Nonlinear superalgebras
Let us consider a phase space M with local coordinates {(q i , p i ), i = 1, 2, .., n; (ǫ(q i ) = ǫ(p i ) = ǫ i )} and let {T α = T α (q, p), ǫ(T α ) = ǫ α } be a set of independent functions on M . We suppose that T α satisfy the involution relations in terms of the Poisson superbracket
where the Grassmann parities ǫ(F γ αβ ) = ǫ α + ǫ β + ǫ γ , ǫ(V γδ αβ ) = ǫ α + ǫ β + ǫ γ + ǫ δ and structure constants F γ αβ and V γδ αβ possess the symmetry properties
The Jacobi identities for (7) read
The simplest case of superalgebras really involving fermionic functions is a superalgebra with three generators T, G 1 , G 2 where T is bosonic (ǫ(T ) = 0) and G 1 , G 2 are fermionic (ǫ(G 1 ) = ǫ(G 2 ) = 1). In particular, we have that G 2 1 = G 2 2 = 0. The most general relations for the Poisson superbrackets of generators preserving the Grassmann parities have the form
Here a i , b i , α i , β i , γ i , i = 1, 2 are polynomial functions of T . Jacobi identities for this algebra require the fulfilment of equations 
a(T ) =
A 0 + A 1 T, β(T ) = B 0 , γ(T ) = D 0 ,(18)F 2 12 = A 0 , F 3 13 = A 0 , V 12 12 = 1 2 A 1 , V 13 13 = 1 2 A 1 , V 23 33 = 1 2 B 0 , V 23 23 = 1 2 D 0 . 3. a(T ) = A 0 + A 1 T, b(T ) = B 0 + B 1 T, α(T ) = C 0 , γ(T ) = D 0 ,(19)
where we introduce the notation
Note that in the example (12) there are superalgebras which appear in quantum systems with periodic finitegap potentials [13] if we identify the Hamiltonian with H = T , the two supersymmetry generators
The example (12), (17) contains the superalgebra for dynamical systems with Hamiltonian H = T which is invariant under BRST Q = G 1 and anti-BRSTQ = G 2 symmetry (the canonical quantization method based on this supersymmetry was proposed in [15] ) if we identify
In the example (13), (18) there exists the so-called selfreproducing superalgebras (for self-reproducing algebras within BRST formalism see [7] ). Indeed, in the example (13) it is enough to choose a(T ) = A 0 T, β(T ) = 0, γ(T ) = D 0 to get the self-reproducing superalgebra.
BRST construction
The main quantity in the generalized canonical formalism [3, 4] for dynamical systems with the first class constraints T α = T α (q, p), ǫ(T α ) = ǫ α fulfilling the property {T α , T β } ≈ 0, where ≈ denotes equality on the surface T α (q, p) = 0, is the BRST charge Q. Nonlinear superalgebras (7) belong to this class. The BRST charge require to introduce for each constraint T α an anti-commuting ghost c α and an anticommuting momenta P α having the following Grassmann parities ǫ(c α ) = ǫ(P α ) = ǫ α + 1 and ghost numbers gh(c α ) = −gh(P α ) = 1. They have to obey the relations
The BRST charge Q is defined as a solution to the equation
which is an odd function of the variables (p, q, c, P), has ghost number gh(Q) = 1 and satisfies the boundary condition
A solution to the problem can be obtained in terms of power-series expansions in the ghost variables
where the symmetry properties of U (k) in lower indices coincide with the symmetries of monomials c α k+1 c α k · · · c α 1 while in upper indices they are defined by the symmetries of
Let us now apply the BRST construction to nonlinear superalgebras (7) . In lower order, the nilpotency of Q implies that
Thus, the structure function has to be of the form U (1)
and the contribution Q 2 of second order in ghosts c α to Q is
Using Jacobi identities (9), (10), (11), the condition of nilpotency for Q in the third order can be rewritten as
Let us introduce the following quantities
which define the nilpotency equation in the third order (28). Symmetrization of this quantity with respect to lower indices can be done using the rule obtained in Appendix A (see (A.3))
Then the nilpotency condition (28) can be written in the form
From the Jacobi identities (11) it follows that
Consider now the quantities N α
Due to (32) they satisfy the relations
Therefore, N α α 1 α 2 α 3 can be rewritten in the form
Taking into account (33), (35) we can show that N {αβ}
In terms of these quantities the structure functions U (2) are given by
Using (33), (35) and the Jacobi identities (32) we obtain the following equations
which define an explicit form of N {αβ}σ α 1 α 2 α 3 . In particular the structure of (38) allows us to suggest the form of N
where C
is a matrix constructed from the unit matrices δ α µ obeying the following symmetry properties
It is not difficult to find a general structure of C
with the required symmetry properties
where C is a constant. From (39) and (41) it follows that
Inserting this result into (38) one obtains
Taking into account the relations (32) and the symmetry of X
and therefore one can rewrite (43) in the form
in full agreement with bosonic case [14] . Then we have two solutions to the nilpotency equation at cubic order in ghost variables c α . In the first case there is no restriction on the structure constants V αβ γδ of a quadratic nonlinear algebra
It leads to
and
The second possibility corresponds to restriction on structure constants of nonlinear superalgebras
It means that N {β 2 β 1 }β 3 α 1 α 2 α 3 = 0 and
In what follows we restrict ourselves to the case of superalgebras where the restrictions (50) are fulfilled.
In that case the Jacobi identities (11) are satisfied. Now let us analyse the constraints generated for the condition of nilpotency at forth order of ghost fields c α . It has the form
which have the symmetry properties
In order to define the structure function U (3) correctly we have to symmetrize quantities which appear in (53) and (54) in the indices α 1 , α 2 , α 3 , α 4 . Using the symmetrization (A.4), (A.6) (A.7) and of symmetry properties (55) and (56) we get
From (53) and (54) and symmetry properties of structure constants F α βγ , V αβ γδ it follows
It is possible to show that
as consequence of restrictions (49) or (50). Indeed, using definitions (54) and restrictions (50) we obtain the equations
Symmetrization of (60) in indices α 1 , α 2 , α 3 , α 4 gives rise to
Multiplying these equations by c α 4 c α 3 c α 2 c α 1 we have
or due to (49)
which proves (59). Solutions of the nilpotency equation (57) are given by the quantities Y
with symmetry properties (58). We shall prove that these quantities satisfy the following symmetries
In that case we will have for U (3)
and for contribution to BRST charge in the forth order
This result can be considered as a supersymmetric generalization of BRST charge in the forth order for quadratic nonlinear Lie algebras [6] .
To prove (64) we start with Jacobi identities (10)
Multiplying these equations from right by
and taking into account the definitions (29), (53), we obtain
Multiplying these equation form the right by c α 4 c α 3 c α 2 c α 1 and taking into account the symmetrization in indices α 1 α 2 α 3 α 4 , we get
Consider now the Jacobi identities (10)
Multiplying these equation form the right by c α 4 c α 3 c α 2 c α 1 and from left by
we obtain
Notice that
Let us now consider some additional relations which can be derived from (50)
Multiplying these equation form the right by
Now, we can take into account the following relations
which can be derived with the help of (73). From (74), (75) and (76) it follows that
Therefore we derive from (70)
that proves the symmetry properties of Y
If we additionally require the fulfilment of restrictions on structure constants of superalgebra (7)
then we can state that there exists a nilpotent BRST charge in a canonical quadratic form
for any superalgebras (7) satisfying the additional restrictions (50), (80) on its structure constants F α βγ and V αβ γδ .
Simple examples
In this Section we approach the construction of the nilpotent BRST charge of the form (81) for the simple examples listed in Section 2. In what follows we will use the following notation for the ghost variables (c 1 , c 2 , c 3 ) = (c, η 1 , η 2 ), (P 1 , P 2 , P 3 ) = (P, P 1 , P 2 ).
1. The explicit form of structure constants (17) implies that the indices β 1 , β 2 , β 3 , σ of the nontrivial relations in restrictions (50) must have the following values β 1 = β 2 = β 3 = σ = 1. Thus, the only relation that has to be verified is the vanishing of
and this relation is satisfied because V 11 α1 = 0. In order to verify (80) non-trivial relations must be satisfied when γ = σ = 1 and all terms in these relations contain a factor F β 11 = 0 which has to vanish. Therefore the nilpotent BRST charge for this example has to be of the form
In this example there are no restrictions on the parameters (A 1 , B 1 , D 1 , A 2 , B 2 , D 2 ) which ultimately define superalgebras (17).
2. The analysis of the relations (50) require the following restrictions on structure constants of superalgebras (18)
Due to the vanishing of V 1α βγ = 0 and F 1 αβ = 0 for all values of α, β, γ, the relations (80) are satisfied. The nilpotent BRST charge can in this case be written as
3. Analyzing the relations (50) we obtain the following restrictions for the superalgebra (19)
which reduces to a linear superalgebra with the usual nilpotent BRST charge for linear superalgebras
4. As in the previous case, the analysis of the relations (50) imposes severe restrictions on the superalgebra (20)
which also reduces to a linear superalgebra. The nilpotent BRST charge has the form
5. The analysis of the relations (50) imposes the following restrictions on structure constants of the superalgebras (21)
Imposing the vanishing of V 3α βγ = 0 for all values of α, β, γ and F 2 13 = 0, F 3 13 = 0, the relations (80) are satisfied. The nilpotent BRST charge can then be written in the form
Discussion
In this paper we have investigated the BRST structure of quadratic nonlinear superalgebras of form (7) which are characterized by the structure constant F α βγ and V αβ γδ . The explicit form of the BRST charge both in the second and third orders was found without any additional restrictions on the structure constants. In the case when the structure constants verify the constraints (50), the construction of the BRST charge can be achieved up to the fourth order in the ghost fields c α . We have found additional restrictions (see (80)) on structure constants of any non-linear quadratic superalgebras when nilpotent BRST charge can be written in a canonical form (81) which is quadratic in ghost fields c α . We have constructed simple quadratic nonlinear superalgebras with one bosonic and two fermionic generators and have verified all the constraints of the structure constants in order to explicitly construct the BRST charge in the canonical form.
Due to known symmetry properties of monomials c α 3 c α 2 c α 1 , X can be expressed in terms of 
